Improvements in the manner in which the potential energy surface (PES) is generated in the vibrational selfconsistent field (VSCF) method have been implemented. The PES can now be computed over a flexible range of displacements and following normal mode displacement vectors expressed in internal rather than Cartesian coordinates, leading to higher accuracy of the calculated vibrational frequencies. The coarse-grained parallelization of the PES calculations, which is computationally by far the most expensive part of the VSCF method, enables the usage of higher levels of theory and larger basis sets. The new VSCF procedure is discussed and applied to three examples, H+3, HNO2, and HNO3, to illustrate its accuracy and applicability.
I. INTRODUCTION
Experimental vibrational spectra can be sufficiently complex that computational guidance is essential for interpretation. The importance of accurate calculated vibrational frequencies extends to the prediction of thermodynamic and kinetic properties that depend on the construction of the appropriate partition functions.
Vibrational frequencies may be calculated at several levels of theory. The computationally least demanding approach is a normal mode analysis based on the second order derivatives of the energy obtained most commonly from some level of electronic structure theory. This approach provides uncoupled harmonic vibrational frequencies. To improve the accuracy of calculated frequencies one can use scaling factors that are obtained by fitting the harmonic frequencies to experimental data for a modest subset of molecules.
1 These scaling factors have been determined for several levels of theory and basis sets. Scaling harmonic frequencies has often worked well; however, using a single scale factor for a full range of vibrations, from stiff stretching modes to large amplitude torsions or intermolecular vibrations, can be problematic, since not all modes are equally harmonic or anharmonic. In addition, a more rigorous approach is required to predict the details of a vibrational spectrum.
In order to achieve accurate predictions of vibrational spectra, a reliable level of electronic structure theory and an accurate analysis of the potential energy surface ͑PES͒ are needed in order to determine the vibrational energy levels and to account for both the anharmonicity and the coupling of the molecular vibrations.
There has been considerable research on different interpolation and fitting methods regarding potential energy surfaces. Such interpolation schemes are essential for anharmonic frequency calculations. Hirao et al. 2 used a modified Shepard interpolation method to generate analytic ab initio potential energy functions. Toffoli et al. 3 employed multidimensional cubic-spline interpolation to generate a fine grid PES that is subsequently fed into multidimensional leastsquares fitting procedures. Beautiful work by Bowman et al. on water trimer vibrational energy calculations 4 employed a weighted least-squares fit of the ab initio energies calculated as a function of the complete set of internuclear distances. Interpolating moving least-squares methods for fitting potential energy surfaces were employed by Thompson et al., 5 while Ohno et al. 6 applied a hypersphere search method combined with least squares fitting. Manzhos and Carrington 7 combined high dimensional model representation and neural networks approaches into a novel method for fitting potential energy surfaces. Finally, it is important to mention the work of Gill et al. 8 in which the vibrational wave function was constructed in the basis of translated Hermite functions, while higher order energy derivatives were computed using optimized finite-difference method.
The present work employs the vibrational self-consistent field ͑VSCF͒ method, 9 developed in the late 1970s, 10 the PES is calculated on a grid. This is computationally very expensive, because of the large number of PES points that are required, often at a high level of electronic structure theory. Such an investment of computer time demands both accuracy and efficiency. Therefore, the PES is evaluated at a relatively small number of points that must be chosen carefully, since the accuracy of the calculated vibrational frequencies depends on how well these points capture the anharmonicity and the coupling of molecular vibrations. The manner in which the PES is generated is revised and parallelized in the present work.
II. THEORETICAL APPROACH

A. Computational details
Calculations were performed using the cc-pVDZ ͑ccd͒, cc-pVTZ ͑cct͒, and cc-pVQZ ͑ccq͒ basis sets 11 for the H 3 + , HNO 2 , and HNO 3 molecules. Second order perturbation theory ͑MP2, Ref. 12͒ was used for all three molecules. The most accurate calculations were done at the coupled cluster level of theory. The CCSD ͑coupled cluster with singles and doubles 13,14 ͒ method was used for H 3 + and CCSD͑T͒, 14, 15 which adds perturbative triples, was employed for HNO 2 and HNO 3 . Molecules in their appropriate symmetries, shown in Fig. 1 , were tightly optimized 16 with the largest component of the gradient being less than 1 ϫ 10 −5 hartree/ bohr. Coupled cluster geometry optimizations were achieved using numerical gradients. Hessian 17 ͑matrix of energy second derivatives͒ calculations were performed at the optimized geometries. Minima on each potential energy surface were established by confirming that the corresponding Hessian is positive definite. Seminumerical MP2 Hessians were obtained using double differencing of analytic gradients, while fully numerical Hessians were used in the coupled cluster calculations. Improved harmonic vibrational frequencies are obtained by scaling of the harmonic frequencies. Scaling factors were taken from the NIST database:
18 0.950 MP2/ccd, 0.936 MP2/cct, 0.947 CCSD/ccd, 0.941 CCSD/cct, 0.979 CCSD͑T͒/ccd, and 0.975 for CCSD͑T͒/cct.
The vibrational self-consistent field method ͑VSCF͒ was used to calculate anharmonic and coupled vibrational frequencies. The VSCF method consists of two computationally independent parts: generating the PES on the grid and calculating the vibrational energy levels. An overview of the VSCF method is presented here. Specific details about the manner in which the PES was generated can be found in the following section.
Two important sets of data are provided by Hessian calculations that guide the construction of a PES on the grid. The normal mode displacement vectors designate the direction in which the displacements from the equilibrium geometry will be made. The spacing of the displacements along the normal mode is proportional to 1 / ͱ ͑ is the harmonic vibrational frequency͒ so that the wave function tails are always within the chosen maximum displacement along normal modes. 19 In particular, starting from the equilibrium structure, eight displacements are made in both the positive and the negative direction of each normal mode displacement vector. Thus, a total of 16 structures ͑points on the PES͒ are generated for each normal mode. These structures ͑and associated energies͒ comprise the necessary information for determining the anharmonicity associated with each normal mode. Single point energy calculations performed at these 16 points generates the "diagonal potential," which captures the anharmonicity along the normal mode. Note that, although the default is to use 16 points on the PES, one might consider using a greater or smaller number of points, depending on the application of interest.
In order to gather information about coupling of the vibrations, simultaneous displacements along two ͑or more͒ normal modes is required. This gives rise to a 16ϫ 16 grid of points for each pair of vibrations. Single point energy calculations are then performed on these grids, generating the coupling potential, which accounts for the coupling of the vibrations.
Once the PES is created as described above, vibrational energy level calculations are then performed at three levels of theory. The diagonal vibrational frequencies are always calculated, but they are generally not sufficiently accurate. Although they do account for the anharmonicity in the individual vibrational modes, the coupling is neglected since only the diagonal potential is used to calculate them. Vibrational self-consistent field calculations are then performed in which coupling is included through a mean field approximation. Finally, a second order perturbation theory correction is used to achieve more accurate vibrational frequencies.
All calculations described here were carried out using the GAMESS program suite 19 and molecules were visualized with the MACMOLPLOT program. 20 Some calculations were carried out in parallel on two types of clusters: An IBM pSeries Cluster with 32 quad-processor nodes and an IBM BlueGene/L ͑"CyBlue"͒ with 1024 dual-core nodes. The calculations on CyBlue were run in coprocessor mode, so only one processor per node was performing the computations. 
B. Adaptive grid of the PES points
Many researchers have tackled the very important issue of the step size taken to calculate the PES on the grid. The standard procedure in MOLPRO ͑Ref. 21͒ is to define the range along each vibrational normal mode, over which the PES is going to be calculated, by applying an energy threshold as suggested by Bowman and Kaledin. 22 An extensive review and rationalization regarding the selection of the step size that has to be taken along the particular normal mode as one calculates higher order energy derivatives by applying finite difference formulae is given in the paper by Lin et al. 8 In this work, the PES is generated on a grid, by making displacements from the equilibrium geometry along normal modes ͑diagonal potential͒ and pairs of normal modes ͑cou-pling potential͒. In the standard implementation of the VSCF method, 9 the range of the PES points is based on the magnitude of the harmonic frequencies,
where Q i ͑amp͒ is the maximum displacement expressed in normal mode coordinates taken along the ith normal mode, and i is the frequency of the ith mode. The factor of 4 is chosen to ensure that the wave function will decay to zero upon reaching the furthest points ͑classical turning points͒ along the normal modes. This will be discussed further below. The starting point in the VSCF procedure is still a normal mode analysis. Although a normal mode analysis provides normalized normal mode amplitudes, rather than their absolute values, the absolute values of the amplitudes can be calculated as follows. The vibrational energy of the nth energy level for the ith normal mode, E i ͑n i ͒ , is given by
͑2͒
where n i =0,1,2, ... ,h is Planck's constant, and i is the fundamental frequency of the ith normal mode. At the classical turning points, the ͑classical͒ kinetic energy is zero, and the vibrational energy is all potential energy,
where k i is the force constant and A i ͑n i ͒ is the amplitude of the displacement for the nth energy level of the ith mode. Upon substituting k i =4 2 m i i 2 and combining Eqs. ͑2͒ and ͑3͒, the amplitude of the displacement can be expressed as
By analogy with Eq. ͑4͒, the amplitude of a normal mode displacement ͓Q i ͑n i ͒ ͑amp͔͒ may be postulated as
since m = 1 in mass-weighted coordinates and since h / 2 = 1 in atomic units.
For n i = 7.5, Eq. ͑5͒ becomes
which recovers Eq. ͑1͒ as a special case of Eq. ͑5͒. Equation ͑6͒ can be used to determine the range of the PES points in the VSCF method. Q i ͑n i ͒ ͑amp͒ is the total displacement to be taken from the equilibrium geometry, following the normal mode vector in the positive and negative directions. This determines, along each normal mode, the two extreme displacement points from the equilibrium geometry. The remaining points are spaced equidistantly between these two points.
Since the number of points is constant along the mode, increasing the value of n i increases the range as well. Although n i is an integer in the harmonic approximation, once anharmonicity is introduced, the energy levels are no longer equidistant. Consequently, n i no longer needs to be an integer. This facilitates the possibility of additional fine tuning of the VSCF calculation.
The affect of the spacing ͑range͒ of the PES points on the accuracy of the VSCF method can be illustrated by calculations carried out on H 3 + , summarized in Table I . Diagonal frequencies are calculated as a function of n i . As n i increases the diagonal frequencies decrease, and ultimately converge to constant values. At this point, any further increase in the covered PES area is not useful. Typically, higher vibrational frequencies require larger values of n i to reach convergence.
In order to minimize the computational cost, it is recommended to use the diagonal potential to determine the value of n i for which frequencies are converged. Once the optimal value of n i is determined, the full PES ͑diagonal+ coupling potential͒ should be recalculated using n i +1.
As noted above, although 16 grid points is the normally recommended number of PES points along each normal mode needed for calculating lower vibrational energy levels, a smaller number of points might lead to the same accuracy depending on the magnitude of the displacement. On the other hand, if the undertaken displacements are large, or if one is interested in exploring higher overtones and combination bands, a higher number of points might be necessary to properly account for the increase in n i .
Furthermore, it is important to note that while two-mode coupling was used in the current work, the approach discussed here can easily be extended to three-mode and higher order couplings of the molecular vibrations.
C. Internal versus Cartesian normal mode displacement vectors
The VSCF calculations can be considerably affected by the choice of the coordinates, whether Cartesian or curvilinear coordinates are used. 23, 24 While there have been studies regarding the expression of the Hamiltonian in internal coordinates, 25 the present work is addresses methods for generating the potential energy surfaces on the grid by following normal mode displacement vectors.
The normal mode displacement vectors are commonly expressed in Cartesian coordinates. It has been shown previously 23, 26 that this choice, when used to create a PES, can produce unreliable frequencies for strongly anharmonic vibrational motions. Indeed, frequencies obtained using the Cartesian coordinate expansion can be several hundred wave numbers too high, even worse than harmonic frequencies. 23 An alternative approach is to generate the PES by using normal mode displacement vectors expressed in internal, as opposed to Cartesian, coordinates. This can be achieved by decomposing normal mode displacement vectors into internal coordinates. 27 The energy calculation requires the transformation from internal to Cartesian coordinates at the chosen PES points. In the previous implementation, only simple internals were used, and a rigorous mathematical procedure for direct conversion from internal to Cartesian coordinates was employed. However, other types of vibrations, such as atom out of the plane ͑OPLA͒, require an iterative procedure adopted from the work of Pulay et al. 28 to transform the coordinates. The iterative procedure fails when large steps are taken along the PES. This is remedied by using the current point to determine the next point on the PES. This ensures that displacements are as small as possible, thereby enabling the convergence of the coordinate transformation.
D. Recommended procedure
The combination of generating the PES in internal coordinates with the flexible spacing of the points provides an effective procedure for conducting VSCF calculations. The flow chart presented in Fig. 2 lists three important steps in the procedure. The first step is a preliminary VSCF calculation and should therefore be conducted at the lowest computational cost.
The first step is concerned with the selection of the internal coordinates. This step is omitted if the PES is being generated in Cartesian coordinates. However, if following normal mode displacement vectors expressed in internal coordinates generates the PES, it is crucial to find the set of internal coordinates that properly captures the vibrational motions. Since the choice of internal coordinates is not unique, it might be necessary to try several different combinations of internal coordinates. Since the selection of the most appropriate internals is independent of the level of theory and basis set, the most cost-efficient electronic structure method should be used.
The next important task is to find the optimal spacing between the PES points.
Step 2 should be carried out at the desired level of theory and basis set, since the convergence of calculated frequencies may be method and/or basis set dependent.
Upon the successful completion of the previous steps, the actual VSCF calculation takes place, yielding anharmonic vibrational frequencies ͑step 3͒. At this point, both diagonal and coupling potentials are generated at the desired level of theory and basis set and used to calculate the vibrational energy levels. 
III. RESULTS AND DISCUSSION
Three examples were chosen to illustrate the accuracy and applicability of the new approach. The H 3 + , HNO 2 , and HNO 3 anharmonic frequencies, which were calculated using a PES that was generated in internal coordinates, are compared below to the harmonic, scaled harmonic, and anharmonic frequencies obtained from a PES generated in Cartesian coordinates, as well as with available experimental data, taken from the NIST database 18 if not stated otherwise.
A. H 3 +
Since H 3 + is a triatomic molecule ͑Fig. 1͒, the choice of internal coordinates is limited to two possibilities: two bonds and an angle, or three bonds ͑Fig. 2, step 1͒. H 3 + has D 3h symmetry, suggesting that the best choice might be three bonds. To test this, calculations were performed using both sets of internals. The results are presented in Table II in columns labeled anhr͑int͒3b ͑three bonds͒ and anhr͑int͒2ba ͑two bonds and an angle͒. The combination of two bonds and an angle removes the degeneracy of the deformation mode, giving rise to two frequencies that differ by more than 300 cm −1 with MP2/ccd, and more than 500 cm −1 using MP2/cct. Although these differences decrease to less than 50 cm −1 when CCSD is used, the degeneracy is still lost, making this choice of internal coordinates unacceptable.
Even if the PES is constructed using normal mode displacement vectors decomposed into three bonds, these two modes differ by ϳ35 cm −1 at the MP2 level of theory, very likely due to numerical round off. When three bonds are chosen and CCSD is employed, the degeneracy of this mode is preserved.
Upon successful selection of the internal coordinates, the optimal spacing between PES points was determined by increasing the range until the convergence of the diagonal vibrational frequencies was attained ͑see Fig. 2, step 2 and Table I͒ . The frequencies shown in bold in Table I have been converged and the corresponding ranges were used in the subsequent calculations ͑see Fig. 2, step 3͒ .
The coupled and anharmonic vibrational frequencies were calculated ͑Fig. 2, step 3͒ with MP2/cc-pVDZ, MP2/cc-pVTZ, and CCSD with the cc-pVDZ, cc-pVTZ, and cc-pVQZ basis sets ͑Table II͒. One can see significant basis set dependencies among the calculated vibrational frequencies shown in Table II . Changes on the order of 100 cm −1 are observed upon improving the basis set from cc-pVDZ to cc-pVTZ at both the MP2 and CCSD levels of theory. The changes in calculated frequencies are negligible as the basis set is improved from cc-pVTZ to cc-pVQZ at the CCSD level of theory. This means that the CCSD errors using the cc-pVQZ or cc-pVTZ basis sets define the accuracy of the VSCF method for H 3 + . The errors for various levels of theory are summarized in Table III . 2 and HNO 3 at CCSD͑T͒ with the cc-pVDZ basis set. Frequencies were calculated without coupling ͑diag͒ or with coupling but only using VSCF level without a PT2 correction ͑vscf͒. Depending on the type of coordinates in which the PES was created, diag͑cart͒ and vscf͑cart͒ correspond to Cartesian coordinates, while diag͑int͒ and vscf͑int͒ correspond to internal coordinates. Difference between diag͑cart͒ and vscf͑cart͒ is labeled as diff͑cart͒, while difference in diag͑int͒ and vscf͑int͒ is labeled as diff͑int͒. Difference between diag͑cart͒ and diag͑int͒ is given as diff͑diag͒. Focusing on the CCSD/cc-pVTZ frequencies, the absolute error for harmonic frequencies is ϳ250 cm −1 , while scaling of the harmonic frequencies significantly lowers the error to 50-80 cm −1 . Anharmonic frequencies obtained using Cartesian coordinates are inconsistent, providing high accuracy for the highest vibrational mode ͑an error of 3 cm −1 ͒, while the degenerate mode has an error of ϳ90 cm −1 . On the other hand, the anharmonic frequencies obtained using internals are in excellent agreement with experiment, 29 within 20 cm −1 . Furthermore, VSCF in internals is the only approach that gives reliable predictions for the combination and first overtone frequencies, to within ϳ30 cm −1 of the experimental values. The second overtone is predicted with a lower accuracy of ϳ150 cm −1 . However, this is still more accurate than harmonic ͑error ϳ800 cm −1 ͒, scaled harmonic ͑error ϳ300 cm −1 ͒, or anharmonic in Cartesian coordinates ͑error ϳ850 cm −1 ͒. There is a very nice review by Jaquet 30 on firstprinciples studies of the rovibrational spectra of H 3 + . Different types of fitted potentials 31 were used, yielding fundamentals, the 1 2 combination band, and the 2 2 and 3 2 overtones with an accuracy of less than 1 cm −1 . The most accurate calculations performed in the current work, at the CCSD/ccq level of electronic structure theory and using the VSCF method in internal coordinates, have an accuracy of ϳ20 cm −1 for fundamentals and ϳ30 cm −1 for the combination band and the 2 2 overtone. The source of the remaining error may be the need for a higher level of electronic structure theory, mode-mode coupling beyond pairwise interactions, and/or the need to explicitly express the vibrational Hamiltonian in internal coordinates.
B. HNO 2
Now, consider HNO 2 , whose vibrational motions can be described using simple internal coordinates, such as bond stretching, angle bending, and torsion as depicted in Fig. 1 and summarized in Tables IV and V. The calculations were performed with MP2 and CCSD͑T͒, using the cc-pVDZ and cc-pVTZ basis sets. Harmonic and scaled harmonic frequencies have the same low accuracy ͑Table IV͒, with the highest absolute error being ϳ200 and ϳ120 cm −1 , respectively, independent of the basis set or the level of theory.
Anharmonic vibrational frequencies obtained using normal mode displacements in Cartesian coordinates have their largest absolute errors, in the range of ϳ50 cm −1 for MP2 and ϳ70 cm −1 for CCSD͑T͒. On the other hand, generating the PES by following the normal mode displacement vectors in internal coordinates, the absolute errors decrease from ϳ45 cm −1 with MP2 to less than 30 cm −1 with CCSD͑T͒. In order to determine the origin of the difference in predicted vibrational frequencies, depending on the choice of the coordinates, consider the PES generated along the modes and the coupling potential more closely. Diagonal and VSCF ͑without PT2 correction͒ frequencies calculated with CCSD͑T͒ using the cc-pVDZ basis set are listed in Table V . First, consider the differences in diagonal frequencies obtained using Cartesian ͓diag͑cart͔͒ and internal coordinates ͓diag͑int͔͒. The largest differences are found for the torsional mode 6 and a somewhat smaller difference for the 3 bending mode. These two modes are not adequately described in Cartesian coordinate space. Now, by comparison of diagonal frequencies ͓diag͑cart͒ and diag͑int͔͒ and frequencies calculated with coupling ͓vscf͑cart͒ and vscf͑int͔͒, the magnitude of the coupling can be estimated. These differences are listed in Table V as diff͑cart͒ and diff͑int͒ for the PES generated in Cartesian or internal coordinates, respectively. There is a weak coupling of the modes calculated using internal coordinates with diff͑int͒ less than 20 cm −1 . On the other hand, calculations carried out in Cartesian coordinates exhibit a significant change of 100-200 cm −1 in the values of vscf͑cart͒ compared to diag͑cart͒. These inconsistencies are due to the improper description of the torsional and bending motions in HNO 2 when Cartesian normal mode displacement vectors are used to generate the PES. Thus, the errors in generating the PES along these two modes are propagated when the coupling is taken into consideration, affecting now three modes, 1 , 3 , and 6 , due to strong coupling. Figure 3 illustrates the affect of the choice of coordinate system on the PES by plotting the O2-H1 bond stretch against the O4-N3-O2-H1 torsion for mode 6 ͓Fig. 3͑a͔͒, and against the N3-O2-H1 bend for mode 3 ͓Fig. 3͑b͔͒. The PES calculated using Cartesian coordinates shows significant ͑Color online͒ CCSD͑T͒/cc-pVTZ HNO 2 in Cartesian coordinates ͑dotted line͒ and internal coordinates ͑solid line͒. ͑a͒ H1-O2 bond distance is plotted against O4-N3-O2-H1 torsion angle at the VSCF points along the torsion mode 6 ; ͑b͒ H1-O2 bond distance is plotted against the N3-O2-H1 angle at the VSCF points along the bending mode 3 .
bond stretching from 0.966 to 1.244 Å in the torsion mode 6 and to 1.082 Å in the bending mode 3 . This stretching of the O-H bond distance introduces an artificial coupling of modes 6 and 3 with the OH stretching mode 1 , leading to a lowering of the frequencies for all three modes after the coupling. The proper description of modes 6 and 3 is accomplished by using internal coordinates, which preserve the correct O-H bond distance while allowing for the change in the torsion and bending angles.
C. HNO 3
HNO 3 ͑structure shown in Fig. 1͒ provides a good test of the use of less common types of internal coordinates, such as the movement of the N atom out of the plane of the three O atoms.
The differences between calculated and experimental frequencies are listed in Table VI . Both harmonic and scaled harmonic frequencies exhibit large errors that are independent of the level of theory or the basis set. The harmonic vibrational frequencies give the largest errors, ϳ200 cm −1 . Scaling of harmonic frequencies decrease the largest error to ϳ100 cm −1 . In contrast to the harmonic calculations, accurate anharmonic vibrational frequencies do require the use of a high level of theory and a reliable basis set. Anharmonic vibrational frequencies obtained using Cartesian coordinates give the largest absolute errors of 75 cm −1 at CCSD͑T͒/cc-pVDZ, compared to MP2/ccd and MP2/cct with largest errors of 135 and 177 cm −1 , respectively. Similar basis set and level of theory dependence is observed for anharmonic frequencies in internal coordinates. The most accurate frequencies are obtained with CCSD͑T͒/cc-pVDZ, with the largest absolute error of 50 cm −1 . As for HNO 2 , the largest difference in the diagonal potentials calculated using normal mode displacement vectors in Cartesian versus internal coordinates, occurs for the torsional mode, 9 ͑Table V, diff͑diag͒ϳ300 cm −1 ͒. This mode can be described as the H5-O2-N1-O3 torsion ͑see Fig. 1͒ . In order to determine the origin of this discrepancy, the H5-O2 bond distance is plotted against the H5-O2-N1-O3 torsion angle in Fig. 4͑a͒ . In Cartesian coordinates, there is a stretching of the H5-O2 bond length from 0.976 to 1.262 Å, while this distance remains constant if internal coordinates are used. Somewhat surprisingly, the H-O-N bending mode, 4 , appears to be reasonable with either type of coordinate. However, this is misleading, as shown in Fig. 4͑b͒ , which reveals H5-O2 stretching from 0.976 to 1.060 Å for Cartesian coordinates and negligible stretching if internals are used. Again, as shown for HNO 2 ͑Sec. III B 3͒, the fre- 3 . Calculations were performed with MP2 and CCSD͑T͒ and the cc-pVDZ ͑ccd͒, and cc-pVTZ ͑cct͒ basis sets. The following frequencies were calculated: harmonic ͑harm͒, scaled harmonic ͑harm͑scal͒͒, anharmonic in Cartesian coordinates ͓anhr͑cart͔͒, and anharmonic in internal coordinates ͓anhr͑int͔͒. quency values for modes 9 , 4 , and 1 are lowered due to artificially strong coupling, which is caused by the exaggeration of the OH stretching character in these three modes when Cartesians are used.
D. Summary
The total errors for the vibrational frequencies of all three molecules calculated at the highest level of theory using the largest basis set for the particular molecule are plotted in Fig. 5 . Harmonic frequencies produce the largest absolute errors, 85 cm −1 on average. Scaled harmonic frequencies and anharmonic frequencies in Cartesian coordinates have comparable errors, on average 36 and 32 cm −1 , respectively. Anharmonic frequencies calculated using internal coordinates give the most accurate results with average error of 15 cm −1 .
E. Coarse grained parallelization of the PES calculation
The single point energy and dipole derivative tensor calculations for each PES point can be carried out independently. This provides an opportunity to employ coarse grained parallelization for this part of the code. The generalized distributed data interface 32 ͑GDDI͒ is used to achieve two-level hierarchical parallelization. The basic idea of coarse grained parallelism is to divide the workload into smaller independent pieces ͑see Ref. 18 for more details͒. This is achieved by a priori dividing nodes into a specified number of groups. Each group is assigned an ID number, from 0 to N − 1, with N being the number of groups. If there is more than one processor available per group, a second level of parallelism within the group can be achieved, speeding up the calculation even more. Figure 6 illustrates the steps taken during a parallel VSCF calculation. The VSCF calculation starts in the "world" scope, where there is only one "master." The PES is generated using coarse grained parallelization with dynamic load balancing, meaning that the workload, the PES points at which the energy still has to be calculated, is dynamically assigned to the first available group. The energy and dipole derivative tensors are calculated and immediately stored by the working group into a distributed memory array, which is ͑Color online͒ CCSD͑T͒/cc-pVDZ HNO 3 in Cartesian coordinates ͑dotted line͒ and internal coordinates ͑solid line͒. ͑a͒ the H5-O2 bond distance is plotted against the H5-O2-N1-O3 torsion angle at the VSCF points along torsion mode 9 . ͑b͒ the H5-O2 bond distance is plotted against the H5-O2-N1 bending angle on the VSCF points along bending mode 4 . 
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allocated once for all groups. In order to permanently save the data, the group that has ID= 0, as soon as it completes the calculation on the current PES point, accesses the distributed memory array, checks for any newly acquired data, and writes that data to a disk file. Once all the PES points have been calculated, the scope switches from group to master and the global summation of the calculated energies and dipole vectors across the masters of all the groups takes place. Once the PES calculations are done, the scope switches back from master to world, in which the remaining VSCF calculations are completed. The initial calculation at the equilibrium geometry is also conducted in group scope, by the group with ID= 0. The reason for the latter is that a finer level of parallelism may require a smaller number of processors than the total number of available processors. The computationally most demanding calculations for HNO 2 , with CCSD͑T͒/cc-pVTZ, provide a good example for illustrating the need for parallel computing. The PES in Cartesian normal mode displacement vectors was carried out in four groups, while the calculation in internals was run in eight groups and subsequently 16 groups. These calculations were done on the IBM cluster described in the computational section. The speedup from 4, to 8, to 16 groups is linear, decreasing the computational time from ϳ16 days to less than four days. Another example is the series of MP2/cc-pVDZ calculations done on HNO 3 . These calculations were carried out on CyBlue from 16 to up to 256 groups. Figure 7 shows the relative speedup that starts as 1 for 16 groups and doubles as the number of groups doubles. The speedup is excellent up to 128 groups. Between 128 and 256 groups there is a turning point, after which there is no benefit in adding more groups. Further study is needed to push the parallelization beyond 128 groups on CyBlue.
IV. CONCLUSIONS
Vibrational frequencies were calculated for three small molecules: H 3 + , HNO 2 , and HNO 3 . MP2 and coupled cluster methods were used with the cc-pVDZ and cc-pVTZ basis sets. Four different approaches to calculating vibrational frequencies were compared: harmonic, scaled harmonic, anharmonic with the PES generated in Cartesian coordinate space, and anharmonic with the PES generated in internal coordinates. Although small improvements in the accuracy of calculated harmonic and scaled harmonic frequencies were achieved by increasing the size of the basis set and using higher levels of theory, to obtain highly accurate vibrational frequencies one needs to include anharmonicity and coupling in the calculations, as well as to generate the PES following normal mode displacement vectors in internal, rather than Cartesian coordinates. It was found that carrying out the VSCF calculations in internal coordinates is crucial for a proper treatment of bending and torsional types of vibrational motions, especially those involving H atoms. While it is clear that the coupled cluster level of theory is needed to achieve highly accurate frequencies, the importance of the basis set depends on the molecule.
The spacing and range of the PES points is a variable in the newest implementation of the VSCF method. This enables the variation of the spacing and range of points until the convergence of vibrational frequencies is reached, assuring greater accuracy of the VSCF calculation.
Two-mode coupling with a PES built from 16 grid points for each vibrational mode was used in the present work, yielding high accuracy for the calculated vibrational frequencies. The number of grid points along each normal mode can be varied as the nature of particular modes dictates. This provides useful flexibility in the calculations. Although twomode coupling was employed in the current work, threemode ͑and higher͒ coupling may also be used if necessary, when normal mode displacement vectors expressed in internal coordinates are used to generate the PES.
Finally, coarse-grained parallelization of PES calculations on the grid was implemented. The speed up is excellent for up to 128 groups for the examples chosen. This increases the applicability of the VSCF method to bigger molecules.
